Abstract. This paper studies the topology of the constant energy surfaces of the double spherical pendulum.
Introduction
The double spherical pendulum was studied in [5] , where several dynamical features of the problem were brought to light using techniques of geometric mechanics and bifurcation theory with symmetry.
In this paper we consider a different aspect of the problem: we study the topology of the constant energy surfaces of the double spherical pendulum.
The topology of energy surfaces is important for understanding Hamiltonian systems, and is strictly related to some dynamical features.
For instance, McCord and Meyer [6] found that the existence of global cross sections, a standard tool to extract global information about the flow, depends on the topology of the energy levels. An exaustive study of the existence of global cross sections for compact energy surfaces of two-degrees of freedom Hamiltonians can be found in [1] .
Moreover some Hamiltonian systems, but not all, are geodesic flows. McCord, Meyer and Offin [7] showed that there are some topological conditions that need to be satisfied for an Hamiltonian system to be a geodesic flow.
Another important problem is the study of the integral manifolds I w , i.e. the common level sets of the integrals of the dynamical system [10, 11] . The integral manifolds have the property that if v ∈ I w then the orbit through v is contained in I w . In general such orbit can be very complicated, however, as suggested by Smale [10, 11] , a crude, but very important, invariant of this orbit is the topological type of I w . In the case of integrable Hamiltonian systems, the Arnol'd-Liouville theorem states that all non-singular compact, connected integral manifolds are tori. Consequently such tori constitute a (singular) foliation of the constant energy surfaces. The situation is not so simple in the non-integrable case, where very little is known about the orbits, especially when there are several degrees of freedom. In such cases, understanding the topology of the energy levels seems to be a first step toward describing the integral manifolds of the system and how they foliate the constant energy surfaces.
One of the goals of this paper is to give a better understanding of the topology of the energy surfaces of the double spherical pendulum.
A second goal of the paper is to illustrate different techniques that can be used in studying the topology of energy surfaces. In our case we are able to give a complete description of the non-critical energy surfaces through Morse theory and algebraic topology. In particular, we show how to compute topological invariants such as the homology groups and the Betti numbers when an explicit description is too difficult to obtain.
A third goal is to explain the table with the Betti numbers given in [7] and to show that such table is valid for a large open set of parameters describing the double spherical pendulum.
The paper is organized as follows. In the next section we describe the mechanical system and derive its Hamiltonian. In Section 3 we give an explicit description of the non-critical energy surfaces. In the following section we compute the Betti numbers using the results of the preceding section. In Section 5 we compute the Betti numbers without using the explicit description of the energy surfaces. In the last section we describe some dynamical consequences of the topology.
Set-up
Consider the mechanical system consisting of two coupled spherical pendula in a gravitational field. Let r 1 be the position vector of the first pendulum relative to its pivot O, and r 2 the position of the second pendulum with respect to the first. Let (m i , l i ), i = 1, 2, be the mass and the length of the i-th pendulum, respectively. Then we have (2.1)
where q i is the unit vector in the direction of r i , and h i is the height of the i-th pendulum with respect to O. Thus the configuration space is
where
is called the slope of the double spherical pendulum. The choice of the term slope comes from the following presentation of the image of the set {V < c} as the shaded area in Figure 1 .
The conjugate momenta are given by
From this, it follows thaṫ
The Morse index of V at P i is given by the following:
The slope determines the relative position of P 2 and P 3 :
H is a Morse function on the phase space M = T * Q.
Proof. Let P = (p, q) ∈ T * Q be a critical point of H. From the explicit expression, we see that q ∈ Q must be a critical point of V , which is a Morse function on Q. Thus P is non-degenerate along Q. Since H − V is a non-degenerate quadratic form defined on the fibers of T * Q → Q (independent of q ∈ Q), we see that P is nondegenerate in T * Q. It follows that H is a Morse function on M.
From the above analysis, we also see that there are precisely 4 critical points of H, of the form (0, q), where q is a critical point of V on Q. Thus we will again denote them P i with i = 1, 2, 3, 4 as above. Since H − V is positive definite on each fiber, we have
According to Morse theory, the topology of level sets of H change when passing a critical value by attaching handles, which are determined by the Morse index at the corresponding critical points. Let M(a) := H −1 (a). We note that for small ε we have M(ε) ≃ S 7 , as P 1 is an isolated minimum. For ρ >> 1, we have M(ρ) ≃ T * 1 Q ≃ T 1 Q the unit (co)tangent bundle of Q, since H −1 ((−∞, ρ)) is now a tubular neighbourhood of the 0-section. The interesting critical points P 2 and P 3 both have index 2. We have Proposition 3.3. Let c = H(P 2 ) or H(P 3 ) and ε > 0 small, then
where ∪ ∂ denotes gluing along the boundary
Proof. For a ∈ R, let M( a) = H −1 ((−∞, a)). Then Morse theory describes the topological change of M( a) when passing the critical level c as the attaching of a handle:
is an embedding. This also provides a description of topological change of the level sets
(see Figure 2 ). Since ϕ is an embedding, the result follows.
We write for a small ε > 0:
Then M 1 ∼ = S 7 and M 4 ∼ = T * 1 Q. We now give a more explicit description of M 2 and M 3 using equation (3.1) . Note that
In this case, since S 7 is simply connected, the surgery giving rise to M 2 depends only on the gluing along the boundary, and is not affected by where it is performed, thus
Similarly, since one can show that M 2 is simply connected, the surgery giving rise to M 3 again depends only on the gluing along the boundary. Moreover, we may describe this surgery as a connected sum. Note that M 2 ≃ M 2 #S 7 and S 1 × D 6 can isotopied into S 7 (see Figure 3 ) and the surgery on S 7 as above gives
where ∪ ′ ∂ means a possibly different gluing from the one used for M 2 . One needs to determine the attaching maps between the D 2 × S 5 's in order to obtain M 2 and M 3 .
Explicit construction.
We first show M 1 ∼ = S 7 in a more explicit fashion. Without any loss of generality, we assume from now on k > 1. The accessible region in this case is U 1 = π(M 1 ) ⊂ Q, where π : T * Q → Q is the bundle projection. Using a diagram as in Figure 1 , we may represent U 1 ∼ = D 4 as in Figure 4 :
From the fact that the kinetic energy H − V is positive definite, it follows that
where T 1 denotes the unit (co)tangent bundle and ∼ ∂ denote the equivalence relation that identifies all the points along each fiber over points in ∂U 1 . Here, the fibers are all homeomorphic to S 3 . Since U 1 is contractible, we see that
which identifies all the points along each fiber over points in ∂D 4 . Let D 4 be the unit ball in R 4 and S 3 the unit sphere in R 4 . We take S 7 also as a unit sphere in R 8 , then the following is the desired map
Proof. Let U 2 := π(M 2 ) ⊂ Q be the accessible region. Then
2 be the projection to the i-th factor. Since k > 1, we see that π 2 | U 2 : U 2 → S 2 is surjective, and the fiber of π 2 | U 2 at each q 2 ∈ S 2 is homeomorphic to a disc. Thus we have
Thus, we have
We see M 2 ∼ = S 2 ×S 5 as follows. Let S 5 be the unit sphere in R 6 , given by 1. Then we have the map
Let's relate the explicit construction in the proof to the description using Morse
where ∪ ∂ ′ means that the two copies of
. A similar map as used in the proof above shows that
where ∼ ∂ ′ is the equivalence relation that identifies all the points along each fiber over points in
Thus it follows from (3.2) that
Let ϕ denote the attaching map
We present this in Figure 5 :
In the right figure, the edge labeled by ∂ represents the boundary S 1 × S 2 . The points in the fiber of π over points in the boundary are identified. The dashed line corresponds to D 2 × S 1 . The shaded and unshaded part each corresponds to
Proof. Again, let U 3 := π(M 3 ) be the accessible region in this case. Then
We note that, since V is a Morse function, U 3 ∼ = Q \D 4 , since P 4 is the maximal critical point of V . The left diagram in Figure 6 represents U 3 . We show next that
Consequently T Q| {x}×S 2 and T Q| S 2 ×{x} are trivial for any x ∈ S 2 , since they are restrictions of the bundle T (Q)| D 2 ×S 2 . On the other hand U 3 has the same homotopy type of S 2 ∨ S 2 . This can be shown in two ways. First
consider the thick L shaped figure in the right diagram of Figure 6 . This represents
The thick letter L can be contracted to a thin letter L, where the horizontal segment of the letter coincides with the bottom side of the square, and the vertical segment coincide with the left side of the square. The thin letter L is precisely S 2 ∨ S 2 . Second consider the negative gradient flow (e.g. with respect to the standard round metric on S 2 ) of V . Such flow gives a contraction of
Moreover contraction preserves the triviality of restriction of vector bundles (this follows from [3] Theorem 4.7, page 30).
On the other hand, the dashed lines divide the right figure into 3 parts, each of which is homeomorphic to
The union of any of the two shaded areas with the unshaded one is homeomorphic to D 2 × S 2 . Comparing Figure 6 to Figure  5 , we see that the attaching maps at both dashed lines (in Figure 6 ) are identical to ϕ, the map that defines M 2 . From the discussion using Morse theory, we see that
The Betti numbers
In this section we compute the Betti numbers of the energy surfaces, from the explicit description given in the previous section.
4.1. Properties of homology groups. Let X be a manifold of dimension n, then we denote by H k (X; G) the k-th homology group of X and by H * (X; G) = ⊕ i∈Z H i (X; G) the homology of X, where G is an abelian group. In the following we will just write H k (X) to denote the k-th homology group of X with coefficients in R. We now recall some facts on the homology groups (with coefficients in R). These can be found in most standard textbooks, for example [2, 9, 12] . Theorem 4.1 (Properties of homology groups). Let X be a manifold of dimension n, then the homology groups with coefficients in R are finite dimensional vector spaces which have the following properties:
(1)
(3) (Poincaré duality) If X is orientable and closed, then
is a connected sum of two manifolds of the same dimension n, then we have
The last of the above is a corollary of the Mayer-Vietoris sequence in homology.
Remark 4.2. Note that in this paper we consider homology groups with real coefficients. Many books consider coefficients in Z, or in a general Abelian group. In the latter two cases the properies of the homology are slightly different, in particular properties (3), (5), and (7) take a more complicated form.
We are interested in the Betti numbers β i (X),i.e, in the dimensions of the H i (X),
Sometimes we drop the space X from the notation β i (X) if the space is clear. The Künneth formula then yields the following property of Betti numbers:
For example, since β 0 (S 2 ) = β 2 (S 2 ) = 1, and β 1 (S 2 ) = 0 by Künneth formula, we have
We can write down the Betti numbers of the energy surface M 1 ∼ = S 7 by using Theorem 4.1 part (6), and by using the Künneth formula, we can write those of
We obtain
• for M 1 , β 0 = β 7 = 1, and all others vanish, • for M 2 , β 0 = β 2 = β 5 = β 7 = 1, and all others vanish.
#2 , using the connected sum property, we get
• for M 3 , β 0 = β 7 = 1, β 2 = β 5 = 2, and all others vanish.
The Gysin sequence.
Definition 4.1. We say that p : X → B is a sphere bundle with fiber S k if the following holds (a) at each point b ∈ B, p −1 (b) ∼ = S k (b) and there is a neighbourhood U of b such that p −1 (U) ∼ = U ×S k such that the map p corresponds to the projection to the first factor under this homeomorphism.
The simplest sphere bundle is the product B × S k , for which the Künneth formula provides the Betti numbers. More generally, we have the Gysin sequence. 
is a long exact sequence of homology groups.
The map Ψ ξ is defined from the Thom isomorphism and more details can be found in [12] (pp. 260). In particular, when X is the unit tangent bundle, Ψ ξ coincides with multiplication by the Euler number of B. We recall that a sequence of maps between linear spaces . . .
If all but 3 consecutive terms in an exact sequence are zero, e.g.
we say that it is a short exact sequence. For a short exact sequence, we have
If all but 2 consecutive terms in an exact sequence are zero, e.g.
we have ker f = 0 and imgf = V , i.e. f is an isomorphism.
We'll compute the Betti numbers of M 4 ∼ = T 1 Q and rederive the results obtained in [7] (pp. 1241). The unit (co)tangent bundle T 1 Q is a sphere bundle with fiber S 3 . Thus the Gysin sequence gives
The computation of the Betti numbers for S
2 × S 2 given in the previous section implies that H i (Q) = 0, unless i = 0, 2, 4. Consequently, the Gysin sequence splits into simpler sequences:
− → H i (Q) → 0 is exact for i = 0, 1, 2, and
is exact. Together with Poincaré duality, we then have
The map Ψ ξ : R ∼ = H 4 (Q) → H 0 (Q) ∼ = R is given by multiplication of the Euler number of Q:
It follows that ker Ψ ξ = 0 and imgΨ ξ = H 0 (Q). By the exactness of the sequence, we see that
Either by exactness of the sequence again or via Poincaré duality, we get H 3 (M 4 ) ∼ = H 4 (M 4 ) = 0. We have the following table of Betti numbers: With exactly the same arguments we may find the homology groups with coefficients in Z. In this case the homology groups are finitely generated abelian groups, so they have the form
where T is an abelian group containing finite many elements and is called the torsion part of H k (X; Z). The i-th Betti number of X is the number of copies of Z in H i (X), and the torsion part is not captured by them. The only torsion in the homology groups we computed lies in
Thus we have the list of homology group with integer coefficients: 
The change of coefficients from R to Z makes the statements of some topological facts more complicated. Here, for example, the Künneth formula will have extra terms coming from the torsion parts of the homology groups. In the statement of Poincaré duality, the cohomology groups will no longer be isomorphic to the homology groups. Nonetheless, the exactness of the Gysin sequence (which holds for any coefficients) provides H 3 (M 4 ) ∼ = Z 4 in the above table.
Remark 4.5. One may ask if the Betti numbers for homology with different coefficients coincide. As a matter of fact they do in the case of G = Z and R. This is a consequence of the Universal Coefficient Theorem [2].
Alternative computation
In this section we describe a computation of the Betti numbers without the explicit knowledge of the energy surfaces. This approach was suggested to the authors by Chris McCord [8] . Since some of the fibers of the bundles we are considering are pinched to points we cannot use the Gysin sequence directly. However there is a generalized Gysin sequence for relative homology groups. This sequenece will be our main tool to obtain the Betti numbers.
5.1.
Properties of relative homology. Let X be a manifold of dimension n and A ⊂ X a submanifold (open or closed), then the k-th relative homology group (with coefficients in R) of the pair (X, A) is denoted H k (X, A). The readers are referred again to standard textbooks, e.g. [2, 9, 12] , for the properties given below.
Theorem 5.1 (Properties of relative homology). Let X be a manifold of dimension n and A ⊂ X a submanifold (open or closed), then the relative homology groups (with coefficients in R) of the pair (X, A) have the following properties:
(1) (Long exact sequence for the pair) There is a long exact sequence of homology groups:
for all k. The result then follows from Theorem 5.1 part (5).
and vanishes for all other k.
Proof. Note that ∂D 2 ∼ = S 1 . We use the long exact sequence for the pair (Theorem 5.1, part (1)
Now we can determine the homology groups for the pairs (U 2 , ∂U 2 ) and (U 3 , ∂U 3 ):
, and
when k = 4 0, for all other k.
Proof. (a) By Künneth formula, we have
0 for all other k.
(b) The proof follows from Lemma 5.2.
5.3.
Relative Gysin sequence. We now introduce a Gysin sequence for relative homology group. This is a generalized version of the standard Gysin sequence.
Theorem 5.5 (Relative Gysin sequence). Let p : X → B be an orientable fiber bundle with fiber the k-sphere (S k ), with k ≥ 1, and path-connected base space B. If C ⊂ B and K = p −1 (C) then the homology sequence for the pair
See [12] (pp. 483) for more details, including a proof of the theorem. We will use the relative Gysin sequence to compute the homology groups of the energy surfaces M i , for i = 2, 3.
Recall that for i = 2, 3, M i ∼ = T 1 U i / ∼ ∂ , where T 1 U i is a 3-sphere bundle over U i . Let π : M i → U i denote the map induced by the projection of the (co)tangent bundle
Note that the energy surfaces M i for i = 2, 3 are not quite sphere bundles (since some of the fibers are pinched to points) and thus we cannot apply directly the preceding sequence. The following lemma shows that even if the relative Gysin sequence does not apply to the pairs (U i , ∂U i ), (M i , π −1 (∂U i )) we can apply it to slightly modified spaces that have the same relative homology of the foregoing pairs.
is a fiber bundle with fiber S 3 and base U i \ ∂U i then
for all k, where V i ⊂ U i is a collar neighbourhood of ∂U i 1 , and
Proof. Since V i is a collar neighbourhood of ∂U i , then V i ∼ = ∂U i × [0, ε) and it contracts to ∂U i . It follows that
. Now we can apply the excision property to the triples
To simplify notations, we write
Since, in our case, X i is a fiber bundle with fiber S 3 and base B i , C i ⊂ B i and
, we can apply the relative Gysin sequence.
Homology of M 2 . Substituting the relative homology groups
, computed in Proposition 5.4 part (a), into the relative Gysin sequence for the 3-sphere bundle (X 2 , K 2 ) → (B 2 , C 2 ) we obtain
• for k = 5, 6, 7,
Summarizing, by the reasoning above and Lemma 5.6, we have
for all other k.
Since π −1 (∂U 2 ) ∼ = S 2 × S 1 , using the sequence in part (1) of Theorem 5.1 for the pair (M 2 , π −1 (∂U 2 )), we have
• for k = 3, 4,
We show in Proposition A.1 that ∂ * is an isomorphism. It follows that
• for k = 0, 1, 2, we may apply Poincaré duality. Thus, we get
when k = 4, 0, for all other k. and the relative Gysin sequence together with Lemma 5.6 give
After applying the long exact sequence for the pair (M 3 , π −1 (∂U 3 )), modulo the fact that ∂ * :
) is an isomorphism, we get
Thus, we recovered the computation of Betti numbers obtained in the previous sections without using the explicit description of the manifolds.
6. Some dynamical consequences of the topology of the double pendulum 6.1. Obstruction to the existence of geodesic flows. The connection between Hamiltonian flows and geodesic flows was studied in [7] , where the authors proved the following Theorem 6.1. If P is a compact connected orientable manifold of dimension 2n − 1, n > 2, and the torsion subgroup T n−1 (P ) is trivial, then a necessary condition for P to be the unit tangent bundle of some orientable n-manifold is
We describe the arguments in [7] , where this theorem is applied to the double spherical pendulum. In this case P is either Table 2 ). In this case, M 4 is the unit tangent bundle of S 2 × S 2 and, in fact, the flow is the geodesic flow of the Jacobi metric. In all the other cases the torsion subgroup is T 3 (M i ) = 0. So the theorem above would require the identity
to be satisfied. Since β 0 = 1 and β 1 = β 4 = β 6 = 0 for M 1 , M 2 , and M 3 (see Table  1 ) the identity reduces to |2 + β 2 | = 1. Since β 2 is non-negative the identity is never satisfied. Thus for i = 1, 2, 3 the flow on M i is not a geodesic flow.
6.2.
Obstruction to the existence of global cross sections. Global cross sections are a standard tool to extract global information about a flow from the return map. Traditionally the cross section is either a compact manifold without boundary or a compact manifold whose boundary is invariant under the flow. We begin with defining the first kind of global cross section: Definition 6.1. Let M be a connected manifold of dimension m without boundary, Φ : R × M → M a flow, and C a submanifold of M of dimension (m − 1) without boundary then C is a global cross section if
(1) For each point p ∈ M there is a t(p) > 0 such that Φ(t(p), p) ∈ C.
(2) There is a continuous function τ : C → R such that (a) Φ(t, p) / ∈ C for all p ∈ C and 0 < t < τ (p). In the case of the double spherical pendulum it follows from Table 2 that H 1 (M i ; Z) = 0 for i = 1, 2, 3, 4. Consequently, by Theorem 6.2, the flow on M i for 1 = 1, . . . , 4 does not have a global cross section of finite type.
6.3. Obstruction to integrability. In this subsection we mention how the topology of the configuration space is related to the integrability of the Hamiltonian system. We use the following theorem essentially due to Taimanov ([4] ; see also [13] ) Theorem 6.3. Suppose that the configuration space of a natural Hamiltonian system (i.e. the Hamiltonian is kinetic plus potential energy) with n degrees of freedom is a connected analytic manifold Q, and the Hamiltonian function is analytic on the phase space. If this system has n independent analytic integrals then
where β k (Q) = n k if Q is the n-dimensional torus. If β 1 (Q) = n, then the inequalities are replaced by equalities. In particular, for an integrable system we have β 1 (Q) ≤ n.
In our case Q = S 2 × S 2 , and n=4. The Betti numbers of Q were obtained in Subsection 4.1, so we obtain the following inequalities Hence, in this case, there is no topological obstruction to the integrability. This is not surprising since one can consider a Hamiltonian of the form H = H 1 + H 2 , where H 1 corresponds to an integrable Hamiltonian on the first S 2 (e.g. the free particle constrained to move on a sphere) and H 2 corresponds to an integrable Hamiltonian on the second S 2 .
